SHEP-05-05 



D7 Brane Embeddings and Chiral Symmetry Breaking 



Nick Evans, Jon Shock, Tom Waterson 



in ; 

O ! Department of Physics 

O 

(Nj ■ Southampton University 

^ ■ Southampton, SOU 1BJ 

pL( \ United Kingdom 

G\ ; 

> ■ 

t— ( ■ Abstract 

on : 

We study the embedding of D7 brane probes in five geometries that are deformations of AdS^ x 5 5 . 

(N ■ 

Each case corresponds to the inclusion of quark fields in a dual gauge theory where we are interested in 

*o ! 

investigating whether chiral symmetry breaking occurs. We use a supersymmetric geometry describing 
an = 2 theory on its moduli space and a dilaton driven non-supersymmetric flow to establish criteria 
for a chiral symmetry breaking embedding. We develop a simple spherical D7 embedding that tests 
the repulsion of the core of the geometry and signals dynamical symmetry breaking. We then use this 
tool in more complicated geometries to show that an J\f = 2* theory and a non-supersymmetric theory 

•i-H . 

with scalar masses do not induce a chiral condensate. Finally we provide evidence that the Yang Mills* 
■ geometry does. 



*evans@phys . sot on. ac .uk, jps@hep .phys . soton. ac.uk, trw@hep.phys . sot on. ac .uk 



1 Introduction 



A pleasing geometric picture of chiral symmetry breaking in strongly coupled gauge theory has 
emerged from dual brane constructions [I][2][II]-[E]- Quark fields can be introduced into the 
AdS/CFT Correspondence [HJ- [TTJ by the introduction of new branes [12j|T3][T3]-|28j; strings 
stretched between these branes and the branes of the original construction transform in the 
fundamental representations of a product gauge group. The scalar field describing the separation 
of these two types of branes is dual to the quark mass and quark condensate operator ipip. The 
embedding of the new branes in the space created by the original therefore provides a dynamical 
determination of whether there is a fermion bilinear operator that breaks chiral symmetry. Such 
a symmetry is normally a manifest symmetry of the spacetime, and the brane 's embedding can 
be explicitly seen to dynamically break it. These constructions allow the study of a number of 
phenomenological aspects of strongly coupled gauge theories including the pions and thermal 
properties 0- [Bj. 

So far this phenomena has been studied in a small number of geometrically simple spacetimes. 
The simplest cases consist of placing a probe D7 brane into a geometry that is a deformation of 
AdS$ x S 5 . Asymptotically at large radius or high energy the theory becomes the M = 2 theory 
with hypermultiplets of Karch and Katz [12J, which is well understood. When the deformation 
is caused by the R-chargeless dilaton switching on [32]- [HE], the SO (6) symmetry of the space 
is untouched and the embedding equations for the probe D7 are easily solved to give a profile 
dependent on the radial direction in the space pPjSj-jSj. Similarly, deformations due to the 
inclusion of finite temperature pQ leave the S 5 unspoilt and allow a simple analysis. Typically 
such deformations have a singular core to the geometry indicating the presence of a multi-centre 
like or fuzzy D3 brane distribution. In non-supersymmetric configurations, which can allow the 
fermion condensate, these are hard to resolve, but in chiral symmetry breaking cases it is the 
repulsion of the probe D7 by this core that cause the fermion condensate. We can escape without 
a precise knowledge of the singularity. 

In [2] a parallel analysis studies a six dimensional theory reduced by compactification to 
a four dimensional gauge theory in the infra-red (IR). It again has a repulsive, but this time 
non-singular, core that induces chiral symmetry breaking. Again the space-time is sufficiently 
simple that the embedding equations may be straightforwardly solved. 

It would be nice to have a wider understanding of how generic the phenomena of chiral 
symmetry breaking is in gravitational duals - naively one might expect any non-supersymmetric, 
strongly coupled gauge background to induce chiral symmetry breaking. In this paper we pursue 
this goal by studying D7 brane embeddings in a wider range of deformations of AdS^ x S 5 . In 
general such geometries are considerably more complicated and the embedding profile depends 
on many of the coordinates on the brane. This turns finding the solutions into an extended 
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and complicated numerical problem. Instead we propose a simple spherical embedding of a D7 
brane that can be performed analytically and tests the repulsion of the core of the geometry. 
We believe this is a good indication of whether chiral symmetry would be induced. Further, 
in the case of a known dilaton induced flow, it provides an analytic estimate of the dynamical 
quark mass at zero energy which matches the numerical results well. 

We begin by looking at a deformed geometry of Freedman, Gubser, Pilch and Warner [25] , 
In fact, this geometry is a coordinate transformation of an M = 4 preserving multi-centre 
solution in which chiral symmetry breaking can not occur. Study of it though highlights the 
pitfalls of interpreting the numerical embedding solutions too glibly. In one coordinate system 
we find solutions for the D7 brane embedding that appear to give a non-zero value for the quark 
condensate in the ultra-violet (UV) when in fact there is none. We learn that for there to be 
chiral symmetry breaking there must be a spatial gap between the embedded D7 brane and the 
core singularity for the case of a massless quark in the UV. 

We next quickly review the dilaton induced flow results and introduce our spherical 

D7 embedding showing how the full solutions corresponding to the usual D7 embedding match 
on to these solutions in the infra-red. The spherical embedding illustrates the repulsion of the 
core of the geometry and provides the analytic result for the induced mass gap in the theory. 

As a first new non-supersymmetric geometry we look at an extension of the FGPW solution 
|3TJ] which allows for the inclusion of non-zero masses for the adjoint scalars of the M = 4 gauge 
theory as well as a vacuum expectation value. The gauge theory here has an unbounded scalar 
potential but the supersymmetry breaking could induce chiral symmetry breaking for the probe. 
We find that this is a case where chiral symmetry breaking is not present. 

Pilch and Warner have constructed a number of geometries describing the M = 2* gauge 
theory [JUJ 02 E31- We study a D7 embedding that preserves the Af = 2 symmetry. The 
spherical D7 embedding allows us to check that there is no repulsion in this case and hence no 
chiral symmetry breaking as one expects in a supersymmetric theory. 

Finally we look at the non-supersymmetric Yang Mills* geometry |44j . Here the deformation 
is instigated by a mass and or condensate for the adjoint fermions of the M = 4 theory (one 
would expect these parameters to be linked but the supergravity geometry provides inconclusive 
evidence for what this link is). This supersymmetry breaking induces a mass for the adjoint 
scalars too leaving just the Yang Mills field to survive to the IR. One would expect this theory 
to break chiral symmetries. We find using the spherical embedding that generically the core is 
repulsive (although there is a line of flows in the adjoint mass vs condensate plane where chiral 
symmetry breaking is absent). 
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2 D7 Branes and J\f = 4 Geometries 



The large N c M = 4 gauge theory at the origin of its moduli space is dual, via the AdS / CFT 
Correspondence to supergravity on AdS 5 x S 5 with radius R 

u 2 R 2 6 

ds * = _ dx 2 // + : _J2du 2 , (1) 

i=i 

where xn is the 3+ld plane parallel to the D3 world volume and u 2 = Y2i u l- Q uar k fields 
may be introduced jT2] and M = 2 supersymmetry preserved by placing a D7 probe in the xu 
and u% — W4 directions (we write the metric on these four directions as dp 2 + p 2 dQ 2 ). The U(l) 
symmetry in the M5 — u§ plane is the geometric realization of the U(1) J 4 axial symmetry of the 
quark fields on the probe. The Dirac Born Infeld action for the probe, with tension T7, is 

S= -T 7 J d^V-detGofc = - T 7 J d 4 x dp dtt 3 p 3 ^ 1 + u'£ + u'g, (2) 

where the prime indicates a derivative with respect to p, G a b is the pullback of the metric 
onto the probe, and we generically use d s ^ to indicate integration over the world volume. The 
resulting equation of motion for the profile in, for example, the Uq direction is: 



d_ 
dp 



VTT^ 2 



0. (3) 



"6 

The regular solution is u§ = m with the separation of the D7 from the p axis, m, representing 
the hypermultiplet's mass. Asymptotically at large u there is a second solution 

. 6 = m + 4 + .... (4) 
p 2 

The parameter c represents the magnitude of the fermionic quark bilinear ipip. In pure AdS this 
solution is singular in the interior and unphysical pQ. 

Now as a first example of embedding a D7 brane in a deformed geometry we consider the 
geometry of Gubser, Freedman, Pilch and Warner This geometry was constructed in the 
5d truncation of IIB supergravity on AdS [SD]-jS2] then lifted to lOd. A scalar field, x? i n the 
20 dimensional representation of SU(4)^ has a non trivial radial profile corresponding to the 
scalar operator Tr0 2 having a vev of the form diag(l, 1, 1, 1, —2, —2). This vev preserves the 
supersymmetry of the M = 4/2 theory and we would expect to be able to introduce quarks of 
any mass via a D7 brane and find no chiral symmetry breaking. This is indeed the case, as we 
will show, but there are some interesting subtleties. 
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The lOd geometry is given by: 



?2 



ds 2 = — — e 2A dx 2 n - — — (du 2 + 

X X \ X 



d9 2 + — — d<p 2 + — dtti 



(5) 



Here dVt\ is the metric of a three sphere, i? is the asymptotic (large u) AdS radius, and 

X = cos 2 9 + x 6 sin 2 0. (6) 
The fields x and A satisfy the differential equations 

d A J_ /"I _ 5^ ^4 _2_ / J_ X^\ m 



with solution 

e 2A 



I 2 x 4 



(8) 



i? 2 X 6 - 1 ' 

where / is an integration constant. The solution also has a non-zero four- form potential 

e 4A X 

C {A) = -dx° A dx 1 A dx 2 A dx 3 . (9) 

9sX 

Note that this solution is singular at the point where x — 1 - we will see the physical 
interpretation of this shortly. 

It is natural to embed the D7 brane in this geometry to lie in the x//,u,Q^ directions and look 
at the profile of the D7 brane 9(u) at fixed <fi (0 provides the U(l) symmetry of the embedding 
which is the chiral symmetry of the theory with quarks). The DBI action is 

-T 7 J d 8 £ e 4A ^R 3 \ cos 3 9{u)\Vx x {u) 2 J^ 9 ^^. (10) 

To place the solutions in a cartesian like plane instead we can make a change of coordinates 
from the circular coordinates (u,9) into the set (r,v): 

r 2 + v 2 = e 2u , 

- = tan0. (11) 

r 

Using this coordinate transformation, the metric becomes: 



~>DBI 



ds * = iKe^dxl ( dv 2 (v 2 + + dr 2 ( r 2 + + 2rvdvdr ( 1 - \ 

X " X (v 2 + r 2 ) \ V X 2 J V X 2 J V X 2 



R 2 (v 2 + r 2 ) 2 ( 1 , j2 x 4 ,„2 . . 
+ — r~2 r# + / 2, dill . (12) 
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Note that in these coordinates v and r are not perpendicular. In the AdS limit r, v become p, Uq 
above though, and hence the embedding results will be easier to interpret in these coordinates 
where we can compare them to the AdS u$ = m result. 

From the metric we can calculate the action when we embed with v and <fi as the perpen- 
dicular directions. Again we choose (ft = const and now our variable is v(r). 



Sdbi — —T 7 / d £ 



v + r 2 



where 



, R 2 v 2 R 2 , , „ #V 2 „ 

'r 2 + — — + 2rv(l - -Av> + {v 2 + -^r)v> 2 , 

X X X 

X = x{\ \og{v{r) 2 + r 2 )), A = A(~ \og(v(r) 2 + r 2 )). (13) 

We can solve the equations of motion resulting from this action numerically and the solutions 
are shown in fig. Note that the D7 appears to deform around the singularity and there is 
a non-zero gradient at large r. Naively therefore our embedding solutions suggest that there 
is a quark condensate present for some values of the quark mass - we plot the value extracted 
asymptotically also in fig. El If there were a quark condensate for any value of the mass 
supersymmetry would be broken which would be a surprise! 

In fact, this result is an artifact of being in the wrong coordinates for the duality to the 
field theory to be manifest. In general finding the appropriate coordinates is rather hard but 
in this highly supersymmetric theory the correct coordinates have been identified in [HI] • If 
we change the coordinates u, 9 for u, a so 

2A 

u 2 cos 2 a = R 2 e 2A p 2 cos 2 9, u 2 sin 2 a = R 2 — sin 2 9, (14) 
then the metric takes the form of a standard multi-centre D3 brane solution: 

6 1 
ds 2 = H- l l 2 dx 2 n + H 1 / 2 d tf, C(4) = J^- dx ° A dxl A dx2 A dx3 > ( 15 ) 



i=i 



with 



y 2 

H = — ~~TT- (16) 
Xe 4A y 1 

The singular region of the space is transformed from a sphere to a disc by this transformation. 
The disc lies at the origin in the v, r space. The singularity is now understood to be caused by 
the presence of a disc of D3 branes and the solution is a perfectly good geometry. 
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Figure 1: D7 brane flow in the FGPW geometry. The solid lines are the numerical solutions 
and the dashed lines the coordinate transform of the full analytic solutions. The singularity of 
the geometry is shown as a black circle. 

c 




0.5 1 1.5 2 

Figure 2: Apparent values of the quark mass and condensate extracted asymptotically from the 
flows in fig. 1. 

Embedding the D7 brane in the xn and four of the Wi directions leaves the standard DBI 
action (eq. (J2J) for the D7 in AdS space - the factors of H cancel and play no part. There 
are as usual solutions with u^.Uq constant as in AdS. We interpret this as quark fields with a 
non-renormalized mass and no quark condensate. 

Using the change of coordinates in eq. (jl4j) we can map these simple uq= constant solutions 
onto the solutions shown in fig. ^ These are given by the dashed lines showing that the numerical 
solutions to the equations of motion do match with those acquired from the analytic functions 
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of x an d A. There are a number of lessons we can learn from this example. Firstly, it is not 
straightforward to interpret the D7 embedding solutions in terms of the field theory because of 
the potential ambiguity in the identification of the coordinate system. We can see though there 
were two signals of the absence of chiral symmetry breaking in this system even in the wrong 
coordinates. Firstly, the value of the parameter c in the solutions fell to zero as m fell to zero. 
Secondly, the embedding solutions filled the full space down to the singularity - that is there 
was no clear radial gap between the embedding solutions and the singularity. The result of this 
is that, as we have seen, the singularity can be transformed to a branch cut by a coordinate 
transformation and the solution for a massless quark then lies along the = axis. A true 
signal of chiral symmetry breaking, as we'll see shortly, is if there is a radial gap between the 
m = embedding and the singularity - such an energy scale gap can never be removed by a 
coordinate transformation. 

3 Quarks in a Dilaton Flow Geometry 

Chiral symmetry breaking was first observed with a D7 embedding pP in the non-supersymmetric 
geometry of Constable and Myers jSHj- This geometry in Einstein frame is given by 



where 



and the dilaton and four-form are 



/,,,4 _|_ 7,4 \ A 1 

e 2 * = e 2 *° l ^ 4 _ b4 j , C {4) = -^H- 1 dtAdxAdyAdz. (19) 
There are formally two free parameters, R and b, since 

5=^-, A 2 = 10 - 5 2 . (20) 

It is convenient to write w and b in units of R which removes R from the definition of 5 
and puts a factor of R 2 into g ww . The parameter b has no R-charge and dimension four so is 
interpreted as the vev of the operator TrF 2 . The M = 4 gauge theory is not expected to have 
a vev for this operator and hence this geometry probably does not describe a physical gauge 
theory vacuum. Nevertheless, it is an interesting geometry to study chiral symmetry breaking 
in because it does describe a non-supersymmetric, strongly coupled gauge background. 
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This geometry is particularly simple to study because it has a flat six plane transverse to 
the D3s. We parameterize this six plane as 



^2 dw 2 = dp 2 + p 2 dttj + dwj + dw 2 , 



(21) 



where we will embed the D7 brane on the directions x//, p and f^. The U(l) symmetry in the 
transverse w$ — wq plane is the geometric realization of the U(1)a symmetry of the quark fields. 
The DBI action for the D7 is 



S = -T 7 d 8 £ p 



I ^ ( 



(p 2 + <Y 



(p 2 + w%) 2 + b 



,4\ 2 



1 + (d p w 6 ) 2 , 



(p 2 + w 2 y J\(p 2 + w 2 y-b 4 

and we look for solutions where w 5 = and w 6 is a function of p. The equation of motion is 



(22) 



d_ 

dp 



e®g(p, w 6 ) 
V 1 + d P wi 



-yjl + drw*-^ [e*g(p,w 6 )} = 0, 



(23) 



where 



G(p,w 6 ) = p 



3(( p 2 +wl) 2 + b^(p 2 +W 2 ) 2 -b 4 ) 

(p 2 + <Y 



(24) 



The final terms in the equation of motion is a "potential" like term that is evaluated to be 
d 



r *>r( M 4p 3 ^6& 4 ( {{p 2 + wlf + b 4 )\ N2 4 2 2 2 



dw 6 L " " yri U/J (p 2 + w|) 5 \((p 2 + w 2 ) 2 
Asymptotically at large radius these equations are just those in AdS with solution 



w 6 



m + — + 
P 2 



(26) 



where m corresponds to the quark mass and c the condensate. 

Numerical solutions for the regular embedding solutions are shown in fig. 3 as well as a 
plot of the parameter c vs m. We take b = 1 for these plots. The m = solution breaks the 
symmetry in the w 5 — w e plane which is present asymptotically at large w where the D7 lies at 
the origin of the space - this is the geometric breaking of U(1)a- 

Let us compare this case to that of the previous section where we showed that in the M = 4 
theory with scalar vev there was no chiral symmetry breaking. Here there is a non-zero value 
of c as m goes to zero. There is also a radial gap between the m = embedding and the 
singularity. Whatever coordinate transformation we might make on the geometry this gap will 
remain and the U(l) symmetry in the w 5 — w 6 plane will be broken - this solution therefore 
definitely breaks chiral symmetry. 
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Figure 3: Numerical solutions for D7 embeddings in the Constable Myers geometry with 6 = 1. 
The shaded area corresponds to the singularity in the metric. Also plotted is the value of the 
quark condensate vs the mass extracted asymptotically from those flows. 



3.1 Spherical D7 Embedding 

The above solutions in fig. |3] are calculated numerically, but it would be nice to be able to 
extract the chiral symmetry breaking behaviour and some dynamical information analytically. 
To do this we will look for minimum action solutions in the form of a circle in the p — Wq plane 
plotted in fig. 3. The chiral symmetry breaking solutions naively look to match on to such 
a solution close to the singularity. Whether such an embedding falls into the singularity or is 
stabilized away from it will test whether the core of the geometry is repulsive to D7s and hence 
will be our test for chiral symmetry breaking. The distance it rests from the singularity will 
provide an estimate of the radial gap of the full embedding above. This gap corresponds to the 
dynamically generated quark mass at zero energy or the mass gap of the theory. 
Concretely, we write the metric in the six w directions as 

6 

^2 dwf = dr 2 + r 2 (da 2 + cos 2 ad(j) 2 + sin 2 arffi 2 ), (27) 
i=i 

and embed the D7 brane on the Q3 and in a at constant r = ro- The action of the D7 brane is 

tapped D7 = ~T 7 j d^ r^WflLW^ + ^j ■ (28) 

Note that in pure AdS or a multi-centre solution gl x gl, w = 1, the dilaton is a constant, dr/da 
is zero if r is fixed to some r and so the action is simply r$. In the supersymmetric case the 
circle collapses to the origin (r — > 0) so here the core of the geometry is not repulsive which 
we take as evidence of the lack of chiral symmetry breaking. 
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In the Constable Myers geometry though we have 



•^wrapped D7 — — ^7 / d £r 




Taking the equation of motion for r(a) we see that there is indeed a solution with ^ = 0. The 
action is then minimized by the constant value of r = ro which is the root of 



which is real and greater than b. For 6 = 1 there is a minimum of this action away from the 
singularity showing that the singularity is repulsive to such a configuration. For 6 = 1 this gives 
r = 1.29. In fig. 0] we plot this solution and the massless quark solutions above. Comparison 
shows that the circular embedding provides a good approximation to the gap value for the D7 
brane solutions we are interested in above. Generically how good this match is will depend on 
the form of the repulsive potential induced by the geometry. In this case the potential sets in 
steeply and the two solutions do match well. 

It's clear that the full embedding comes close to matching to the spherical case in the infra- 
red. In fact, there is a small gap between these solutions. In 0] solutions were identified 
that lay closer to the singularity; these correspond to a second, higher action solution for each 
asymptotic value of the mass up to some critical mass. These solutions were identified with the 
chiral vacuum with — (ipip) whose energy is raised by the quark mass. If the quark mass were too 
big this vacuum is not even metastable and there is no solution describing it. In fig. El we plot 
this critical flow and the minimum action circular embedding showing that they overlap almost 
exactly. Overall though we conclude that the spherical embedding provides a good measure of 
the quark mass gap. 

There is also some structure as 6 is changed. Writing w in powers of 6 removes 6 from 
everywhere in the metric except the expression for A in the dilaton. For A to be real requires 



Now the quadratic equation (J30|) has a solution for the position of the minimum action, 
spherically embedded D7 which lies outside the radius 6 where the geometry is singular only if 



There is therefore a small range of 6 that we can study where the spherical D7 falls into the 
singularity. For these values we expect the full D7 embedding corresponding to the quark fields 



r* - 6 4 Ar* + 6 s = 



(30) 




(31) 




(32) 
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Figure 4: Plot of the minimum action spherical D7 embedding and the massless quark em- 
beddings in the Constable Myers Geometry. The black circle represents the singularity in the 
geometry 




Figure 5: Plot of the minimum action spherical D7 embedding and a local minimum embedding 
action for a massive quark in the Constable Myers Geometry. 

to fall in too. Numerically this is what we find. In fact there is a few percent discrepancy 
between where a chiral symmetry breaking solution is lost and where the spherical embedded 
D7 enters the singularity corresponding to the slight mismatch seen above for the gap value 
in the exact method and the spherical embedding approximation. For these cases where the 
singularity is crossed we can come to no further understanding without more knowledge of the 
singularity. 
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4 A Non-supersymmetric Scalar Deformation 



Let us now turn to our first example of a non-supersymmetric gravity dual that has not 
been previously studied in this context. The background we will look at is related to the M = 4 
embedding introduced in section 2. It was generated from a five dimensional supergravity 
flow which was lifted to ten dimensions in [35]. A five dimensional scalar field, A, in the 20 
representation of SO (6) is switched on and has the potential 

4A(r) 2A(r) 

V = -e V6 -2e . (33) 

The scalar field A acts as the source and vev of the field theory operator Tr {<p\ + 0| + 0| + 
04 — 205 — 20g). Switching on a mass term will give rise to unbounded directions in the scalar 
potential and so, as with the Constable Myers case, this is not a realistic dual. Nevertheless it is 
an interesting case to see if the breaking of supersymmetry generates chiral symmetry breaking 
- we will see that in this case it does not. 

The relevant equations of motion for the scalar field are given by the usual five dimensional 
field equations 



'1 (W 
A /, (r)+4A / (r)W-(A'(r) 2 -2^) 



6 V w ' dX(r) 



A'(r) = y/l(A'(r) 2 -2F). (34) 

The large r limit of this field is given by 

A = Are- 2r + Be~ 2r , (35) 

where A is interpreted as a source for our operator and B is the vev. The Af = 4 deformation 
described earlier is the special case where only the vev is non-zero. Now, we are interested in 
the case where there is both a mass and condensate present. We plot numerical solutions of 
the five dimensional field equations in fig. |3 Generically the flows either diverge in the IR 
with A — > ±oo. There is a boundary in the A-B plane between these two behaviours. In fig. |Ul 
we show examples of each of these two behaviours A3, A4 and the unique flows that lie on the 
boundary between these two regimes. Ai describes this boundary in the positive A positive B 
quadrant whilst A2 describes the boundary in the quadrant where they are both negative. We 
will provide analytic forms for the IR of these flows below. 

The ten dimensional lift of the full set of five dimensional solutions shares the form of the 
metric with the supersymmetric geometry so 

d2 r ™2 a .,6 _2 a i\ 

(36) 



d9 2 H —d6 2 + dVt 2 



ds 2 = ^^e 2A dx 2 n H ( du 2 + ^ 

X " X \ X 2 



x ~r ■ x --3 
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A[r] 




Figure 6: 4 different flows of the SUGRA field A(r) all of which become singular at r=0. Ai and 
A2 are the turning point flows between the flows of the form A3 and A4. 

where the parameters are defined in exactly the same way as in the supersymmetric case (see 
eqn. (jHJ)) and 

A(r) 

X = e ^ ■ (37) 

Of course the solutions for x and A differ from the supersymmetric case. The four form potential 
of the lift does not match that in the supersymmetric case but in neither case does it enter the 
DBI action of our D7 brane. 

We can look for chiral symmetry breaking using both of the techniques we have seen in 
previous examples. The first method is more direct but a little less enlightening; we probe 
with a D7 brane by embedding in the x//,r, O3 directions (the angle again provides the 
U(1)a symmetry). The D7 action is given by eq. (fTTH) and we will solve for flows in from the IR 
towards the UV with the symmetric boundary condition v = const and calculate numerically the 
geometry of the brane. We saw in the supersymmetric example that we are not in the "correct" 
coordinate system to make the gauge theory living on the brane manifest and therefore to find 
the quark mass and condensate. In that case, we were helped by the first order equations and 
could find the correct coordinate system. In this more general case, where x an d A are solutions 
of second order equations, we have no hint as to how to find the correct coordinates. 

We can perform the embedding by calculating 9 as a function of r, or we can change to 
the cartesian like set of coordinates, (v,r), given by the same change of variables as in the 
supersymmetric calculation eq. (fTTJl and calculate the flow of v(r). The action is then given 
in eq. (jlUjh We solve for the D7 embedding with IR boundary condition v(r) = constant. We 
plot some representative solutions in fig. |U which are in a background with positive A and B 
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Figure 7: Sample solutions for a D7 brane embedding in the non-supersymmetric scalar defor- 
mation geometry showing the absence of a gap between the solutions and the singularity. 



We find generically that for D7 embeddings that correspond to small quark masses in these 
geometries the flow wraps onto the surface of the singularity. As far as we can tell numerically 
there is a solution that hugs the v axis down to the singularity and then follows the singularity 
to r = 0. For this flow asymptotically both the mass and condensate are zero. We conclude 
that the geometry does not break chiral symmetries. Note that, as with the supersymmetric 
flows, naively a flow that hugs the singularity breaks the U(l) symmetry due to cf) translations. 
However, it seems likely that there is a coordinate transformation that presses the singularity 
to the v = axis as in the supersymmetric case. The absence of a gap between the D7 brane 
embedding and the singularity, which could not be removed by such a transformation, implies 
no clear signal of chiral symmetry breaking. 

The numerical studies above are somewhat messy and it would be nice to have an analytic 
understanding of the results. Such results are provided by our spherical embedding method 
developed in section RTTTl We study the action of a circular D7 brane wrapped on x//,fls,9 at 
constant r as it gets nearer to the singular region. We expect the full solutions above to match 
onto these solutions in the IR. If the spherical embedding collapses into the singularity then 
there will be D7 embeddings that flow in from infinite radius that also touch the singularity. 
This can be calculated from the numerical flows of the scalar field A, but it is more satisfactory 
to be able to get an analytic form for the potential. It turns out that we can do this for the IR 
limit of the scalar flow equations. We find four different solutions for the scalar fields x an d A. 



in eq. (J33J). 
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These numbered solutions to x are related to the four types of behaviour in Fig. [ojby x = e^: 





\ 1 

' V 2 (r-r s )> 




— 4t 10£ 


,(c(r 




X2(V) 


= (|( r - r s))K 




) = log! 


(c(r - 


-r.)), 


Xa(r) 


= (b(r - r s ))i, 


A 3 (r) 


= Jlo { 


;(c(r 


-r„)), 




= (6(r - r a ))~i, 


A 4 (r) 




;(c(r 


-r.)), 



(38) 



where r s is the singular radius and b and c are free parameters 1 . We have checked that these 
are all of the possible solutions by numerically solving the flow equations with these as the IR 
conditions. We flow out to the UV with these boundary conditions and calculate the mass and 
condensate in this limit. As best we can tell these are indeed all the IR solutions of the SUGRA 
field equations. 

Having found the analytic IR solutions, we can look at the action for the circular brane 
wrapping. We calculate the pullback for a brane with r and (ft as the perpendicular directions 
with r{6) and constant which gives: 



fdr(9)\ 2 x(r(9)y 



Sdbi = ~T 7 J d^R^cos(6y + X (r(6)) sin 2 (fl)e 4A ^» X (r(#)) cos 3 (fl) Jl + 



R 2 
(39) 

There are solutions where r{9) = r and using the above IR solutions we can write down the 
action for each of these which gives 

Sdbii J d 8 ^r -r s ) 12 \sm(6)\\cos 3 (9)\, 

Sdbi2 J d 8 £(r -r s )W(#), 

Sdbis J d 8 Z(r -r s )hos 4 (9), 

Sdbia ~ - J d^\sm{6)\\ C os\6)\. (40) 

We can see that for the first three there is obviously a minimizing solution for which r$ = r s 
meaning that the circular brane will fall into the singularity. This strongly suggests from our 



1 We have found this asymptotic behaviour by looking for solutions of the form A(r) = a\og(b(r — r s )) as 
r — > r s . In fact, the last two solutions are valid for any potential V which asymptotically smaller than p 
asr->r s . In this case the supergravity equation reduces to the first order equation: 



A"!D \/^(A'(r) 2 )~0 
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earlier studies that there will not be any chiral symmetry breaking induced by this geometry. 
Indeed we saw above that numerical studies of the D7 embedding appropriate for the addition of 
quarks also suggest there is not chiral symmetry breaking here. It is not immediately apparent 
that the brane will collapse in the fourth solution, but we note that this solution interpolates 
from the UV for which the potential goes like e 4r . By performing this calculation numerically we 
find a monotonically decreasing potential indicating that the flat behaviour seen in the equation 
interpolates smoothly into the exponential behaviour meaning that the brane collapses with this 
solution as well. 

We conclude that this non-supersymmetric geometry does not induce chiral symmetry break- 
ing. The unrealistic nature of the geometry, having as it does an unbounded scalar potential, 
does not make this result overly concerning but it is interesting that supersymmetry breaking 
and chiral symmetry breaking do not appear to be necessarily directly linked. 



5 N=2* Geometry 

We now turn to a more complicated supersymmetric geometry describing the M = 2* gauge 
theory [40j[41j. This theory is the M = 4 theory with mass terms for two adjoint chiral matter 
fields. It has the massless fields of M = 2 super Yang Mills and thus a two dimensional scalar 
moduli space. The supergravity description has a field corresponding to the fermionic mass and 
another which describes both the scalar masses and vev. The lift of the original 5d background 
to lOd has been made ^0] arid the solution in the Einstein frame is given by 

ds 2 = n 2 {e 2A dx 2 , + dr 2 ) + ^ + X 6 cos 2 9 (J- + ^±^j + ^V) , (41) 



where 

n 2 



gig 

x 

c = cosh 2(, 



X l = cos 2 9 + x 6 csin 2 9, 

X 2 = ccos 2 fl + x 6 sfn 2 #, 
e 4A X : 

^9sX 2 



e 4A X 

C (4) = ±dx° A dx 1 A dx 2 A dx 3 , (42) 



and the axion/dilaton is given by: 

A = i gz!W m+fa - B = e-(^}), 6 =|co S h2C. (43, 
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In addition, there is the anti-symmetric two form, whose NSNS and RR parts are given respec- 
tively by 



B(2) = 0,3 cos0 0i A d(f) + cti sin <pd6 A o"i — a 2 sin 0cr 2 A 0" 3 , 

C(2) = — ai cos0d^ A (Ti + Q2 cos0(T2 A CT3 + 03 sin0(Ti A d0, (44) 



where 



ai = _R 2 tanh2('cos6', 

o2 x 6 sinh 2( 2 
a,2 = H — sm 6 cos 0, 

a 3 = R ^^K sin e CO s 2 e. (45) 



The SUGRA fields (, A and x = e ° satisfy the equations of motion 

dA 2/1 1 4 

X cosh(2C) 



§ = -^ S inh(2C). (46) 



These have partial solutions: 

A u X 2 

e = k 



sinh(2C) ' 

X 6 = cosh(C) + sinh 2 (2C) (7 + log(tanhC)) , (47) 

The solutions with large 7 deform into TV = 4 solutions of the form seen in section 2 - 
here the scalar vev is so much larger than the supersymmetry breaking mass that the theory 
is effectively the M = 4 theory. The smallest possible vev in the theory corresponds to the 
background with 7 = and we will concentrate on this case since it is the vacuum most distinct 
from the M = 4 theory. Probing the geometry with a D3 brane [12*1 14*3] shows that the 9 = tt /2 
plane corresponds to the moduli space. Further in [13] a set of coordinates were found on that 
moduli space that correspond to the physical coordinates for computing the /^-function of the 
field theory. In these coordinates the singularity is again transformed to a branch cut. 

As we have done in previous cases, we can analytically study the asymptotic solutions to 
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the flow equations in the IR limit. The results are 2 

A( r ) = 41og (r J s) +6. (48) 

it 

These are a one parameter family of solutions as expected due to the fact that the flow 
equations in this case are first order. The parameter b is related to k by b = log A; + log (2^7)- 
This is not a free parameter, but is fixed by requiring that this flows to a solution which is 
asymptotically A(r) — > r in the UV. 

Now consider including quark fields via a D7 brane probe in this geometry. The quark 
superfields have a superpotential coupling to the Af = 4 adjoint scalars of the form QAQ, 
where the adjoint field A is represented in the geometry by the two transverse directions to 
the D7 brane. Therefore in this geometry where the M = 4 fields have already been broken 
into M = 2 multiplets we must be careful to embed in such a way that we do not further 
break supersymmetry. The probe must lie perpendicular to the 9 = n/2 plane since that 
plane corresponds to the massless scalar fields. Were the probe at some angle to that plane 
the superpotential term would be with fields in a mix of superfields in terms of the breaking 
intrinsic in the geometry. In this configuration though we expect that we should be able to 
include arbitrary mass quarks and maintain supersymmetry. 

If we were attempting to find the flow of the brane in from the UV, we would want to embed 
it in the x//,r, a, ft, ip directions and the DBI action of this embedding can be calculated easily. 
However, it can be seen that the two perpendicular directions 9 and will be dependent on both 
r and ip, which will make the equations of motion for the brane computationally very difficult 
to solve. Instead, we will fall back on our wrapping technique. We write the DBI action of the 
brane in terms of an embedding where the perpendicular directions r and <ft are functions of 9 
and ij} and we take a constant value of cf). This time by looking at the symmetries of the metric 
we know that the minimum action solution will not be spherical, however we can find out if 
there is a repulsive potential on the brane stopping it falling in on the singularity. 

To calculate the potential of a D7 brane in this background we first rewrite the 3 differentials 

01,2,3 in terms of the spherical coordinates a, ft, ip using a\ = \{da + cos ijidft), o<i = |(cos adip + 

2 We find these by looking for real solutions to the flow equations which behave asymptotically like C(r) ~ 
a\og(b(r — r s )/R),x(r) ~ c((r — r s )/R) d as r — * r s . It can be shown that these solutions correspond to 7 = 

as, for 7 = 0, we know from l|47|l that, for large £, \ ~ (f ) 6 e ~^> as can De checked for our solution. 
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sin a sin ipdfl), a 3 = |(— sin adip + cos a sin ipdf3). This gives a metric of the form 
ds 2 = n 2 {e 2A dx 2 // + dr 2 ) + ^(-de 2 + S ^-dcl ) 2 



X 6 cos 2 6* [dip 2 i da 2 i 2 /'sm 2 '?/> i cos 2 ^^ i 2dadf3 cos ^ 



In fact even this configuration is hard to study because of the forms present in the geometry. 
For simplicity we will place the D7 probe at <fi = nn where the axion vanishes, and the dilation 
is given by 

e* = \/f • (50, 

In addition, the NSNS two form is zero. 

The DBI action for this configuration is given by 



1DBI 



-T 7 J d 8 ^e AA cX 1 cos 2 9\ sin ^| 




\ ^ AcX l AR 2 X l \de) cR 2 x 2 



We also have to consider the Wess-Zumino part of the action for the D7 brane. As there are 
no gauge fields living on the brane, this is given by 

Swz = H7 I (C (8 ) + C( 6 ) A B {2) ). (52) 

For (j) = nn this will be zero as the dual of C( 8 ) (the axion) is zero and B( 2 ) is also zero. 

As before, we are only interested in the IR behaviour of the potential felt by the brane so we 
can use our analytic solution in the above equation. Ignoring proportionality factors, we find 
that for a constant r solution 



V m ~ (r - r s ) 15 | cos 3 ^|| sin^|V5 + cos 29. (53) 

We can see clearly that, as expected, this supersymmetric background, when probed in this 
particular way, does not have the signature of chiral symmetry breaking. There is no potential 
stopping the spherical D7 brane falling onto the singularity and the situation is analagous to 
that we found in the J\f = 4 geometries. 
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6 The Yang Mills* Geometry 



Finally we will turn our spherical D7 embedding technique on a geometry where physically one 
might expect chiral symmetry breaking. The YM* geometry jH] was developed as a model of 
non-supersymmetric Yang Mills theory. The UV of the theory is the M = 4 gauge theory but 
then at a scale M. a mass term is introduced for the four adjoint fermions, Aj. It is also possible 
to include in the solutions a vev for the operator £\ AjAj. One would expect some dynamical 
determination of this condensate in terms of M. but the supergravity solution does not clearly 
provide this link - we will investigate this whole space of geometries therefore. 

The YM* geometry was originally constructed as a 5d supergravity solution but then lifted 
to a full lOd solution. In lOd D3 brane probe analysis indicates that the six adjoint scalars 
of the M = 4 theory acquire masses radiatively as one would expect since supersymmetry is 
broken. In j^S] the glueball spectrum and string tension properties were analyzed. For the 
geometries with a fermion mass and small or vanishing condensate, a discrete glueball spectrum 
was found though probe strings fell onto the singularity. The interior of the geometry is therefore 
still ill understood, and possibly is also incomplete since the restricted 5d solution on which the 
geometry is built may not have sufficient freedom to describe the full non-supersymmetric theory. 
Nevertheless, this is a prime candidate geometry to examine for chiral symmetry breaking since 
it describes a model that shows some very QCD like qualities. 

In the SUGRA theory the fermion mass terms correspond to turning on a scalar in the 10 
of SO (6). As in the other examples, we can solve the 5d SUGRA equations numerically using 
the relevant field equations. 

\»(r)+4A'(r)\'(r) = ^, 

A'(r) = ^i(A'(r)*-2V), (54) 

with 

V = -^(l + cosh(A(r)) 2 ). (55) 
The AdS limit of this field has solutions 

A(r) = Me- r + Ce~ 3r , (56) 

with M. and C, the mass and condensate of the operator ^ AjAj respectively. We will be 
particularly interested in the large negative r limit of the space corresponding to the IR of the 
gauge theory. We can try to find analytic solutions in this limit as we did in the previous section. 
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The solutions we have found are 



A(r) — 


3 1U 6V ' s)i 


A(r) = 


|log(r - r s ), 


A{r) = 


\\og(r-r s ), 


A(r) = 


\\og(r-r s ), 



A/i?,i( r ) = - log [\[i(r - r a )) , 

Ajfl, 2 (r) = log (^/|(r - r s )) , 

A/ fll 3(r) = -^log(a(r-r i )), 
A/ii,4(r) =+#log(o(r-r s )), 



(57) 



where r s is the radius where the flow becomes singular in the IR. In the C vs M. plane there 
are regions where the A flows diverge positively and negatively described by the second two 
solutions. There is then a unique flow on the boundary which in the positive quadrant is 
described by Ai and in the negative quadrant by A2. Numerically the unique flow lies at least 
close to the boundary condition C — 0. 

The lOd lift of the YM* background is given by 

ds 2 l0 = ^(e 2A dx 2 + dr 2 )+f-i da 2 + sin 2 aF + dn 2 + + cos 2 aF_dn 2 _), 

dQ 2 ± = d6 2 ± +sin 2 ± # 2 , 

^ 2 = cosh 4 A(r) + sinh 4 A(r) cos 2 2a, 

F± = cosh 2 A (r) ± sinh 2 A (r) cos 2a, 
sinh 2A(r) 



A± = 
B = 



cosh 2 A(r) ± cos 2a sinh 2 A(r) ' 
sinh 2 A(r) cos 2a 
cosh 2 A(r) + ^ 



e"« = (58, 

Now consider including quark fields via a D7 brane probe in this geometry. The probe 
would naturally lie in the xn and r directions and then wrap a three sphere in the deformed 
five sphere. For example we could wrap one of the two spheres (e.g. fi_) and fill the angle a 
leaving us to find the embedding 9 + . The angle <p + provides the U(1) J 4 symmetry of the quarks. 
Clearly 9 + will be a function of both r and a on the D7 world volume. In this complicated 
geometry it is too difficult to find the full embedding 3 . It is more straightforward though to 
embed a D7 spherically on x//,Q-,at and 9 + at fixed <f> + . We treat the radius of this sphere r 



3 Note that the usual AdS geometry can be written in the same coordinate system as YM* so the metric is 



ds 2 = e 2r dx 2 ,, + dr 2 + da 2 + cos adVL 2 + + sin adn 2 _ (59) 
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as our embedding coordinate. The DBI action for this configuration is 



Sdbi = -T D7 I rf 8 e e*v^M ( {d e+ rf + (l + (<V) 2 ) ^ ) , (61) 



where 



/ A2 

v^M = e 4A Wcos 4 uFl sin 2 9. + -f- sin 6 a cos 2 #_£ 3 . (62) 

The Wess-Zumino contribution eq. (|52|) of the action must also be studied. However, the 
integral over CVg) is zero as it's dual, the axion, is zero and the integral over (7(6) A Bp) will also 
be zero since (7(6) is dual to (7(2) (d(7(6) = *d(7(2)) and (7(2) has a basis d# + A d0+, whereas Bp) 
has a basis d#_ A d0_ . This means that we will end up with a wedge product of identical basis 
one forms which will be zero. For this embedding we can therefore drop these terms. 

The symmetries of our action imply that there are solutions where r is just a function of a 
which is to be compared with the more complicated full embedding where 8 + (r,a). Numerical 
analysis will therefore be simpler in this case. 

As our variable is not dependent on we must integrate over this quantity in the action 
before we can try to find a solution. This integral gives 



Sdbi = -T 7 [ d 7 £ eV A 2F_ cos 2 a EllipticE (l - ^Z^* J (<9 e+ r) 2 + (1 + (cV) 2 )^- 
J \ 4^„cos 4 a; / V ^ - 

(63) 

The simplest analysis we can perform is just to look at the potential felt by a brane of fixed 
radius r . This will not be a solution of the equations of motion but will show us whether there 
is a repulsion in the geometry to such a configuration collapsing. For our four analytic solutions, 
we find two sorts of behaviour in the IR. These are given by the potentials 

Vdrde = T 7 J d 7 i (r - r s )i EllipticE ^1 - y(r - r s f\ cot a\ \ \J \ cos 5 a sin 3 a \ , (64) 

corresponding to A/h,i and Xm^ and 

Vdrde = T 7 J d 7 i (b{r - r s )) l ~^ EllipticE (l - 8(6(r - r s )) ^\ cot a\j \J \ cos 5 a sin 3 a\, 

(65) 

corresponding to \m,3 and For both of these solutions the elliptic integral tends to a 

constant in the IR so we can see explicitly the behaviour of the potential as a function of 
The flat D7 embedding of section 2 in these coordinates is then given by 

6- = arcsin — (60) 

sin a 

which is itself a complicated function. Even in this case sophisticated numerical techniques would be needed to 
find this solution. 
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r — r s . In the first case, corresponding to a line of solutions in the M. vs C plane the embedding 
collapses onto the singularity. For the remainder of the M. vs C space the probe is repelled from 
the singularity in the IR. In the UV where the geometry returns to AdS the potential always 
pushes the field into the IR so there must be a stable configuration away from the singularity. 
This suggests that the majority of parameter space in the model will give rise to chiral symmetry 
breaking. 

We know however from the a dependence of the action that the solution of the wrapped 
brane will not have a circular symmetry. Therefore, although we know that there is a repulsive 
potential at least somewhere around the singularity, we don't yet know what form the brane 
embedding will take. To calculate this, we have used a numerical relaxation method. We 
discretise the points on the brane parameterised by the angle a and write the action for r(a) in 
the discretised form with a starting guess for the solution. We then minimise the action with 
respect to all points on the lattice, giving us N coupled equations for N lattice points. Because 
we are looking at a wrapping solution, we also have a boundary condition that the first and 
last points in a are at the same value of r. We performed this calculation using Mathematica. 
The resulting configuration of the brane is shown in fig. |H1 for a generic flow of the type we 
have seen with a repulsive potential. We see that the repulsive potential is present away from 
a = nir/2 but vanishes at precisely nn/2 at which points the brane can fall in on the singularity. 
This is obviously an added complication which muddies the result. Consider beginning with a 
flat D7 brane far from the singularity which would include a heavy quark field in the theory. 
As the brane is brought in towards the singularity the repulsion centred at a = it/ '4 will stop 
the brane moving to the origin of the space as sketched in fig |§] implying a chiral symmetry 
breaking set of UV boundary conditions. The outstanding question is whether the probe will 
touch the singularity at a = ir/2. We can not address this completely within our analysis. Of 
course touching the singularity may not be a disaster if it is simply indicating the presence of a 
fuzzy configuration of D3s - some brane bound state may form there. We tentatively conclude 
that YM* generically does break chiral symmetries although there are outstanding issues to be 
understood. 

7 Summary 

Quark fields can be introduced into the AdS/CFT Correspondence and its deformations via D7 
brane probes. The mass and any chiral condensate induced can be read off from the asymptotic 
behaviour of the scalar in the D7 DBI action describing its embedding. We have shown that in 
fact this prescription must be tempered by the possibility of making coordinate transformations 
that alter the asymptotic behaviour of the field. In the FGPW geometry [2H] that describes the 
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Figure 8: Sample result of a numerical solution for the determination of a spherical D7 brane 
embedding r vs a that wraps the YM* singularity shown by the lower straight line. 



Figure 9: A sketch of how a flat D7 brane embedding is expected to behave in YM* as the brane 
is brought close to the singularity. The repulsive potential away from a = nn/2 will induce a 
chiral symmetry breaking like configuration although the D7 may collapse into the singularity 
at a = 7r/2. 

M = 4 gauge theory on its moduli space we saw that the D7 embedding flows fill the whole space 
away from the central singularity of the geometry. A transformation that takes the singularity 
to a branch cut would then remove the signal for chiral symmetry breaking. In this case that is 
precisely the coordinate transformation that has been previously identified as necessary in the 
literature. In contrast, in the non-supersymmetric dilaton flow in which chiral symmetry 
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breaking has previously been studied PQ, there are D7 embeddings for all possible quark masses 
that lie separated from the core singularity. Here no coordinate transformation can remove the 
symmetry breaking embedding. 

To look at more complicated metrics where the full D7 embedding is numerically too involved 
to find, we developed a simple spherical D7 embedding in the dilaton driven flow. The full 
embedding appropriate for quark fields matches on to this spherical embedding in the IR. In 
the dilaton flow case, we could analytically find the potential for the spherical embedding and 
use it to show that the core of the geometry is repulsive. This repulsion drives the D7 brane 
into a chiral symmetry breaking configuration. We could also compute an analytic estimate of 
the quark mass gap. 

We then used this spherical embedding technique to test three new geometries for chiral 
symmetry breaking behaviour. The first is a non-supersymmetric version of the FGPW back- 
ground [39 j in which an unbounded scalar mass is included in the gauge theory. D7 branes in 
this geometry behaved precisely as those in the supersymmetric version of the FGPW geometry 
leaving no gap between the flows and the singularity. The spherical embedding technique showed 
there was no potential stopping the spherical D7 falling onto the singularity. We conclude that 
this geometry does not break chiral symmetries. 

We next looked at a spherical D7 embedding in the M = 2* geometry [lUj and found again 
that the D7 falls in on the singularity. This implies that for a supersymmetric embedding of a 
D7 for the inclusion of quarks in the geometry there would be no chiral symmetry breaking as 
we would expect. 

Finally we studied a spherical D7 embedding in the non-supersymmetric Yang Mills* geom- 
etry jH]. For most of the parameter space we found the central singularity of the geometry 
displayed a repulsive potential. This would imply chiral symmetry breaking embeddings for 
quark fields. There are special angles at which the repulsion vanishes but most probably this 
will not effect the conclusion. 

Interestingly we have found chiral symmetry breaking in only those theories that are both 
non-supersymmetric and have a running dilaton. The former matches our expectations but the 
generality of the latter point is unclear. We believe that our spherical embedding technique will 
provide a simple test for chiral symmetry breaking in the more complicated geometries that will 
be needed to describe QCD realistically. 
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